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Let D be a Dedekind ring. For a large class of subgroups S of SL,,(D) (which includes, for 
example, all subgroups of finite index and all non-central, normal subgroups) it is proved that 
there is a (unique) smallest congruence subgroup of SL,,(D) containing S. This is called the 
congruence hull of S and is denoted by C(S). 
Let A be a Dedekind ring of arithmetic type and let A” denote its units. From well-known 
results of Bass, Liehl, Milnor, Serre and Vaserstein it follows that, when A* is infinite or n 2 3, 
every subgroup S of SL,(A) containing a non-central, normal subgroup has a congruence hull. 
In addition the index [C(S) : Sj divides ,n, the number of roots of unity in A. 
When n = 2 and A* is finite the situation is completely different. Using previous results of the 
author it is proved that, for any such A and any finitely generated group G, there exists a 
subgroup S of SLZ(A), normal in its congruence hull, such that G is isomorphic to C(S), 
modulo S. 
Let D be a Dedekind ring. For each D-ideal q let 
SL,(D, q) = Ker(SL,,(D)+SL,(DIq)) , 
where n 2 2. A subgroup S of SL,, (D) is called a congruence subgroup if and only 
if S contains SL,(D, q’), for some non-zero D-ideal q’. When D = A, a Dedekind 
ring of arithmeric type (see [4, p. 83]), every congruence subgroup of SL,(A) is 
necessarily of finite index (since every proper quotient of A is finite). The 
converse problem of determining whether or not a subgroup of finite index in 
SL,,(A) is a congruence subgroup (the so-called Congruence Subgroup Problem) 
has attracted considerable attention over many years. It has been known since the 
late 19th century that the modular group, SL,(Z), where Z is the ring of rational 
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integers, has subgroups of finite index which are not congruence subgroups 
(referred to as non-congruence subgroups). Since then among the most important 
contributions to this problem are the paper of Bass, Milnor and Serre [4] (for the 
case where n z 3) and the paper of Serre [22] (for the case where n = 2). 
We begin by proving that for a large class of subgroups S of SL,(D) (which 
includes, for example, all subgroups of finite index and all non-central, normal 
subgroups) the intersection X of all congruence subgroups of SL, (D) containing S 
is actually a congruence subgroup. (This does not always hold even for non- 
central subgroups.) For such a subgroup S we put X = C(S) and call it the 
congruence hull of S. (Our proof depends on the close correlation between 
normal, congruence subgroups of SLII(D) and the D-ideals.) By definition 
C(S) = S if and only if S is a congruence subgroup. When it exists C(S) is the 
‘smallest’ congruence subgroup containing S and so the index 1 C(S) : Sj is a 
measure of the extent to which S ‘deviates’ from being a congruence subgroup. 
For most of the remainder of the paper we confine ourselves to the case where 
D = A. Let A* denote the set of units of A. The following result follows 
immediately from results of Bass, Milnor and Serre [4], Vaserstein [2.5] and Liehl 
t71. 
Theorem A. Suppose that either A* is infinite or n L 3. Let S be a subgroup of 
SL,(A) containing a non-central subgroup N which is normalized by the elemen- 
tary matrices. Then C(S) is defined and 1 C(S) : SI divides m, where m is the 
(finite) number of roots of unity in A. q 
In fact, ]C(S) : S] = 1 unless A is the ring of integers of an algebraic number 
field which cannot be embedded in R, the set of real numbers. In the latter 
case if d is any divisor of m these exists a subgroup S, of SL,(A) such that 
IC(S,) : S,( = d. 
When A* is finite and n = 2 the situation is completely different. By a theorem 
of Dirichlet A* is finite if and only if (i) A = 7, (ii) A = Odd, the ring of integers of 
the imaginary quadratic field O(m), where Q is the set of rational numbers 
and d is a positive integer, or (iii) A = % = %(K, P, k), the coordinate ring of the 
affine curve obtained by removing a closed point P from a projective curve K over 
a finite field k. (In the latter case %Y* = k*.) Using previous results (some proved 
jointly) of the author [9, 11, 14, 171, we prove the following theorem. 
Theorem B. Suppose that A* is finite. Let G be any finitely generated group. Then 
there exists a subgroup S of SL,(A) such that 
(a) C(S) is defined, 
(b) S 4 C(S), 
(c) C(S) /S = G. 
Finally the Dedekind ring %‘(K, P, k) can be defined over any field k (see 123, 
p. 961) and, by virtue of [ll], Theorem B can be extended to infinitely generated 
groups. 
Congruence hulls in SL, 257 
1. Congruence subgroups 
This section is devoted to the structure of the normal, congruence subgroups of 
SL, (0). The results are required to prove our first main result which is concerned 
with the existence of congruence hulls. As we shall see, normal, congruence 
subgroups of SL,(D) are determined by the D-ideals. Special cases of the results 
in this section (when II = 2 and D = A) have already been established [13] by the 
author and we shall make use of some of these. We begin with some general 
definitions. 
Let R be a commutative ring and let E,(R) be the subgroup of SL,(R) 
generated by the elementary matrices, Z,, + rE,, where r E R and 15 i, j 5 n 
(i Zj). For each R-ideal q let E,(R, q) (resp. NE,(R, q)) be the normal subgroup 
of E,(R) (resp. SL,(R)) g enerated by the q-elementary matrices, Z, + qE,, where 
qEq. 
Definition. Let S be a subgroup of SL,(R). The order of S, o(S), is the R-ideal 
generated by xii, x,, -xii, for all (x,) E S, where i #j. 
The level of S, Z(S), is the largest R-ideal q0 with the property that E,(R, q,) 5 
S. 
Notes. (i) The level of S is well-defined since E,(R, q,)- E,(R, q,) = E,(R, q, + 
q2), for all ql,q2. 
(ii) It is clear that Z(S) c: o(S). 
The principal aim of this section is to show that the order and level of a normal, 
congruence subgroup of SL,( D) are closely related. For our purposes the most 
important feature of a Dedekind ring is that every proper quotient is semi-local. 
Most of our proofs reduce to considering subgroups of SL,(DO), where D, is such 
a quotient. Semi-local rings are among those which satisfy Bass’s first stable range 
condition, so-called SR,-rings (see [3, (3.5) Theorem, p. 2391). Among the most 
important properties of such rings are the following. 
Theorem 1.1. Let R, be an SR,-ring. Then, for all n 2 2 and all R,-ideals q, 
(i) SL,(R,) = RJR,), 
(ii) SL,(R,, q) = E,(R,, q). 
Proof. See [3, (4.1) Theorem (a), p. 2401. q 
One important consequence of this result is the following. 
Corollary 1.2. Let ql,q2 be D-ideals, with q2 Z (0). Then, for all n ~2, 
SL,(D, s,>- E,(D, 92) = sL,(D> 91 + 92). 
Proof. See [3, (9.3) Corollary, p. 2671. 0 
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The following is an immediate consequence of the previous result. 
Corollary 1.3. Let C be a congruence subgroup of SL,(D) and let q0 = l(S). Then 
SL,(D, q,J 5 C 0 
The first version of Corollary 1.3 (for the case D = Z and n = 2) was proved by 
Fricke. Fricke’s result (which was rediscovered by Wohlfahrt [27]) has proved 
extremely useful in determining non-congruence subgroups of SL,(Z). 
We begin our study of normal, congruence subgroups of SL,(D) with the case 
n 2 3. This is straightforward to deal with since it is a special case of a much more 
general result of Vaserstein. 
Theorem 1.4. Let N be a normal, congruence subgroup of SL,(D), where n 2 3. 
Then 
o(N) = l(N). 
Proof. See [26, Corollary 51. 0 
The case n = 2 is much more complicated. Here results as general as that of 
Vaserstein do not apply and proofs require special properties of the ring in 
question. By means of the primary decomposition of an ideal in a Dedekind ring, 
the next lemma reduces the problem of normal, congruence subgroups of SL,(D) 
to those whose level is divisible by only one prime D-ideal. 
Definition. For subgroups H,K of a group G, the subgroup [H, K] of G is that 
generated by all the commutators [h, k] = h-‘k-‘hk, where h E H and k E K. 
Lemma 1.5. Let N be a normal, congruence subgroup of SL,(D) and let q = l(N) 
and q,, = o(N). Let q = q’p* and q, = qbpP, where p is a prime D-ideal, (Y >O, 
O~p~cx, and q’+p=qb+p=D. 
Let N, = [N fl SL,(D, q')] . SL,(D, p”) and j? = N. SL,(D, p”). Then 
(i) o(N) = pp, 
(ii) Z(N,,) = p*, 
(iii) [SL,(D), I?] 5 N,,. 
Proof. For (i) we have o(N) = qO + pm, by [13, Theorem 1.3(c)]. 
For (ii) it is clear that Z(N,,) = p’, where y I (Y. By Corollary 1.3, SL,(D, p’) 5 
N,, and so SL,(D, p’s’) 5 NO fl SL,(D, q’), by [18, Theorem 2.2(a)]. Again by 
[18, Theorem 2.2(a)] 
NO n SL,(D, q’) = [N n SL,(D, q')] . SL,(D, q) = N r-l SL,(D, q’) . 
Hence SL,(D, p’q’) 5 N and so y 2 LY. 
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For (iii) we have 
SL*(D) = S&CD, 4’). S&CD, P") 
by [18, Theorem 2.2(b)] and so 
[SL,(D), N] 5 [SL,(D, q’), N] * SL,(D, p*) 5 N, . 0 
As we shall see the result reduces our basic problem to that of the order and 
level of a normal subgroup of SL,(L), where L is a quotient of D of the form 
D/p*. We record the basic properties of such quotients. 
Lemma 1.6. Let p be a prime D-ideal and let L = Dip’, where S > 0. Then: 
(i) L is a local ring with maximal ideal m = PIPS and residue field Llm = Dip. 
(ii) L has only finitely many ideals, all of which are principal, namely m*, where 
Ost<S. 
Proof. The least obvious part is the assertion concerning principal ideals. Since D 
is a Dedekind ring the ideal p is generated by two elements one of which can be 
chosen to lie in ns. The rest follows. q 
Our next result is another reduction lemma. 
Lemma 1.7. With the notation of Lemma 1.5, let S be any positive integer, with 
S 2 (Y, and let L = D/p’ and m = p/p’. 
Let cp : SL,(D)+ SL,(L) be the natural map, M, = cp(N,) and A?i = q(N). Then 
(9 M, 4 %(L), 
(ii) o(M) = mp, 
(iii) l(M,) = ma, 
(iv) [SL,(L), M] 5 M,. 
Proof. Part (i) follows from Theorem 1.1(i) since cp is then surjective. Part (ii) is 
obvious and part (iv) follows from Lemma 1.5(iii) and Theorem 1.1(i). 
For part (iii) we note that, by definition and Lemma 1.6, E(M,) = my, where 
6 5 y I (Y, since (p(SL,(D, p”)) = SL,(L, ma), by Theorem l.l(ii). On the other 
hand, SL,(L, my) ‘= M, and so SL,(D, p’) 9 N,,, by Theorem l.l(ii). By Lemma 
1.5(ii) (Y c; y and the result follows. 0 
We now record some basic properties of normal subgroups of SL,(L). As 
above we assume that L is of the form D/p’. Hence Lemma 1.6 applies. We 
denote the units of L by L*. 
Definition. Let N(m) denote the order of the residue field L/m. 
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Theorem 1.8. Suppose that 2 E L*. Let N be a normal subgroup of SL,(L); then 
00’) = 09 , 
except (possibly) when N(m) = 3 and o(N) = L, in which case 
msI(N). 
Proof. For N(m) # 3, see [5, Satz 31. For N(m) = 3 see [6, Theorems 2.1.6 and 
2.3.51. q 
Theorem 1.9. Suppose that 2 E m and that N(m) > 2. Let N be a normal subgroup 
of SL,(L) with r = o(N). Then 
2r + r* 5 Z(N) . 
Proof. See 0 
Theorem 1.10. Suppose that N(m) = 2. Let N be a normal subgroup of SL,(L), 
with c = o(N). Then 
2m2r + m2r2 I I(N). 
Proof. See [12, Theorem 5.101. 0 
Corollary 1.11. Suppose that 2 E m. Let N be a normal subgroup of SL,(L) with 
c = o(N). 
(i) 4r I 1(N). 
(ii) Zf 2=0 in L, then r2G11(N), where G=m* if N(m) =2 and 5 =L 
otherwise. 
Proof. Follows from Theorems 1.9 and 1.10 except for the case where m = 2L 
and N(m) = 2. This case follows from [12, Theorem 3.41. q 
We are now able to establish the principal results of this section. It is 
convenient to deal with the cases char D = 0, char D # 0, separately. 
Theorem 1.12. Suppose that char D = 0. Let N be a normal, congruence subgroup 
of SL,(D). Then 
120(N) 5 1(N) 5 o(N). 
Proof. As above let q = 1(N) and q0 = o(N). We consider the prime decomposi- 
tion of q. Let 0 be any prime D-ideal dividing q. Then q = q’p” and q0 = qbpP, for 
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some integers a,P where (Y > 0 and 0 I p 5 (Y, and q’ and qb are D-ideals prime 
to p. Let N, = [N n SL,(D, q’)] . SL,(D, p*) and N = N. SL,(D, p”). As above 
we embed N, and N in SL,(L), where L = D/p’ and 6 is suitably large. Let 
m = p /ps and let cp : SL,(D)+ SL,(L) be the natural surjection (see Theorem 
1.1). 
We put M, = cp(N,) and ti = p(N). Then by Lemma 1.7, o(M) = mp and 
Z(N,) = ma. Also o(M,) = my, for some y such that p 5 y 5 (Y. 
Let 7 = ord,(2) and let (T = 1 if N(m) = 3 and u = 0 otherwise. 
Case (i): N(m) # 2 or /3 = 0. In this case y = p by [13, Theorem 2.21. We now 
apply Theorem 1.8 and Corollary 1.11 to M,. (By Lemma 1.7(i) we have 
M, <1 SL,(L).) Then 27 + u + p 2 (Y. 
Case (ii): N(m) = 2 and /3 # 0. In this case either y = p or y = /3 + 1 by [13, 
Theorem 2.21. In addition, by [13, Theorem 2.7(iii)], 27 + p 2 (Y. 
We note that 3 belongs to every (maximal) D-ideal of index 3. Hence there are 
only finitely many such ideals and 3 belongs to their product. The result 
follows. 0 
The factor ‘12’ in Theorem 1.12 cannot in general be removed as the following 
example illustrates. 
Example 1.13. It is well-known that the commutator subgroup N = [SL,(Z), 
SL,(Z)] is a normal, congruence subgroup of SL,(Z) of level 12H and that 
SL,(Z)IN is cyclic of order 12, ‘generated’ by Z, + E,, (see [21, Theorem 1.3.1, 
p. 161). It is obvious that o(N) = Z. 
It follows that, for each divisor d of 12, there exists a normal, congruence 
subgroup M of SL,(Z) such that o(M) = Z and f(M) = dZ. 
When dealing with the case where char D # 0, it is clear from the above that 
the results are going to involve these D-ideals (if any) of indices 2 and 3. For this 
reason we make the following definition. 
Definition. Let p be a rational prime and let rP be the D-ideal generated by 
a’ - a, where a E D. 
Lemma 1.14. For each rational prime p the number of D-ideals of index p is finite 
and ra is contained in their product. 
Proof. Obvious. 0 
We now come to the last main result of the section. 
Theorem 1.15. Suppose that char D = p. Let N be a normal, congruence subgroup 
of G(D). 
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(i) Zf p > 3, then o(N) = I(N). 
(ii) Zf p = 3, then 
rp(N) 5 Z(N) 5 u(N) . 
(iii) Zf p = 2, then 
r;u(N)2 5 Z(N) 5 o(N) . 
Proof. The proof is very similar to that of Theorem 1.12 (using Theorem 1.8 and 
Corollary l.ll(ii)). As in the proof of Theorem 1.12 there is a special difficulty 
when the local ring in question has a residue field with only two elements. This 
difficulty is dealt with by [13, Theorem 2.6(ii)]. 0 
The presence of the factors ‘r3’ and ‘r2’ in Theorem l.l5(ii) and (iii) is 
necessary as the following examples illustrate. 
Example 1.16. Let D = k[t], where k is the finite field of order 3, and let no, pi, 
p2 be the principal D-ideals generated by t, t - 1, t + 1, respectively. It is clear 
that r3 = p0plp2 = q*, say. 
By Theorem 1.1, 
SL,(D)ISL,(D, pi) = SL,(DInJ = SL,(k) , 
where i = 0,1,2. It follows that, if 
SL,(D, Pi>* = [=2(D), SL,(D)] . SL,(D, p;) , 
then 
]SL,(D) : SL,(D, pi)*] = 3 
From standard results (see [18, Theorem 2.21) we have 
SL,(D)ISL,(D, q*) = fj SL,(DIp,) . 
i=O 
Let N = [SL,(D), SL,(D)] . SL,(D, q*). Then (SL,(D) : N( = 27. Clearly N is a 
normal, congruence subgroup of SL,(D) with o(N) = D and I(N) dividing q*. 
Suppose I(N) # q*. Then, by Corollary 1.3, N contains, for example, 
SL,(D, p,p,). But, from the above, (SL,(D) : SL,(D, p&r)] = 242. Hence 
o(N) = D and 1(N) =r3. 
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Example 1.17. Let D = k[t], where k is the finite field of order 2, and let no and 
p, be the principal D-ideals generated by t and t - 1, respectively. It is clear that 
rz= POPI. 
Let SL,(D, pf)* = [SL,(D), SL,(D)] . SL,(D, p;), where i = 0,l. Then, by [12, 
Example 2.31, it follows that ]SL,(D) : SL,(D, py)*( = 4. Let q* = P&I:. As 
above, 
SL,(D)I%(D, q*) = (SL,(D)ISL,(D, $3) x (SL,(D)ISL,(D, P:)) . 
Let N = [SL,(D), SL,(D)] . SL,(D, q*). Then (SL,(D) : N] = 16. Clearly N is a 
normal, congruence subgroup of SL,(D) with o(N) = D and level dividing q*. 
Suppose Z(N) # q*. Then, by Corollary 1.3, there are two possibilities. For 
example, N contains either SL,(D, p,p,) or SL,(D, pi). The first possibility is 
excluded since 16 does not divide (SL,(D) : SL,(D, p&r)] = jSL,(k)l* = 36. The 
second possibility is excluded since then N = SL,(D, pi)*. We conclude that 
o(N) = D and Z(N) =rt .
2. Congruence hulls 
Let S be a subgroup of SL,(D). The set of all congruence subgroups containing 
S, 9, is non-empty (it contains SL,(D)). Let Z(S) be the intersection of all S E Y’. 
Definition. When I(S) is a congruence subgroup we denote it by C(S) and call it 
the congruence hull of S. 
It is clear that C(S) is not always defined (for example, when S is a central 
subgroup of SL,(D)). It is also clear that C(S) is defined when S is of finite index. 
The principal aim of the section is to establish a large class of subgroups S for 
which C(S) is defined. 
Definition. Let S be a subgroup of SL,(D). Let 
SE= f---j gsg-? 
g=%(D) 
Clearly SE is the largest E,( D)-normalized subgroup of SL,(D) contained in S. 
For congruence subgroups there is no distinction between a normal subgroup 
and a E, (D)-normalized subgroup. 
Lemma 2.1. Let S be a congruence subgroup of SL,(D) which is normalized by 
E,(D). Then 
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SQSL,(D). 
Proof. The normalizer of 5 in SL,(D) contains E,(D) . SL,(D, q’) = SL,(D), for 
some q’ # {0}, by Corollary 1.2. q 
However, the distinction between E,(D)-normalized and normal subgroups of 
SL,(D) is a real one. Swan, for example [24, Theorem 11.11, has obtained a 
presentation for SL,(H(fl)) f rom which it is clear that E*(Z(fl)) is not 
normal in SL,(Z(G)). (The (Dedekind) ring Z(G) is the ring of integers of 
the number field Q(G).) (F or other examples of D with this property see [l, p. 
2371.) 
We now come to the principal result of this section. 
Theorem 2.2. Let S be a subgroup of SL,(D). If SE is non-central in SL, (D) then 
C(S) is defined. 
Proof. As above let Y be the set of all congruence subgroups of SL,(D) 
containing S. Clearly it suffices to prove that C(SE) is defined. We assume from 
now on that S = SE. 
It is clear that if C is a congruence subgroup of level q then so is C”. Then 
I(S)= f--) c= f--) CE. 
CEIP CEY 
Now let 
Y* = {l(C): c E Y} . 
Let q E Y * and choose C E Y such that q = I(C). By the above and Lemma 2.1 
we may assume that CQSL,,(D). 
Now S contains a non-central (i.e. non-scalar) element X = (xii) of SL,(D). By 
conjugating X with permutation type matrices in E,,(D) (or, when X is a diagonal 
matrix, forming commutators of X with elementary matrices Z,, + Eij) we may 
assume that (Y = xl2 #O. We now apply Theorems 1.4, 1.12 and 1.15. When 
char D = 0 it follows that 12a E q. When char D # 0 choose any non-zero ele- 
ment of c,ri. Then ka* E q. It follows that the intersection of all ideals in Y * is 
non-zero. Since D is a Dedekind ring, Y* is finite. 
LetY*={q,,..., q,) and let Ci be the intersection of all C E Y, with I(C) = qi 
(1 I i 5 n). Th en clearly Cj E Y (with r(Cj) = q;) and so 
Z(S) = c, n * * * n c, ) 
which is a congruence group (of level q1 n . .. n q,). 0 
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Corollary 2.3. Let S be a subgroup of SL,(D), where either ]SL,(D) : SI <CO or 
1(S) # (0). Then C(S) is defined. 
Proof. Immediate from Theorem 2.2. 0 
It is known [4, Theorem 7.5(e)] that when n ~3, every subgroup of finite index 
in SL,(D) has non-zero level. However, the conditions in Corollary 2.3 are in 
general independent when n = 2. For example it is known (see the next section) 
that, for all but finitely many q, the subgroup E,(Z, q) is of infinite index in 
SL,(Z). On the other hand, SL,(k[t]) h w ere k is a field, for example, has 
uncountably many subgroups of finite index with zero level (see [S, Theorem 
2.11). 
When I(S) # (0) we can easily specify C(S). 
Theorem 2.4. Let S be a subgroup of SL,(D) and suppose that q = Z(S) # (0). 
Then 
c(s) = S * SL,(D, q) . 
Proof. Let C be a congruence subgroup containing S. Then C contains 
SL,(D, q’), for some q’ # (0) and hence S. E,(D, q). SL,(D, q fl q’) = 
S * SL,(D, q), by Corollary 1.2. 0 
We conclude this section with two examples. Our first example shows that C(S) 
need not be defined when SE is central. 
Example 2.5. Let X = (E,, -E,,)@I,_,andletS=(X).ThenSE~{+Z,,}. Itis 
easily verified that the level of S . SL,(D, q) is q, for all q. It follows that 
Z(S) = n (S * SL,(D, q)) = S 
9 
and hence that C(S) is not defined. 
Our next example shows that C(S) can be defined even when SE is central. 
Example 2.6. Let &(Z, q) be the subgroup of SL,(Z) generated by 
where aEZ and qEq. 
Clearly &‘,(Z, q) is finitely generated and it follows from [14, Lemma 2.21 that 
C(&(H, 9)) = SL,(Z, q), for all q # (0). 
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It is known (see next section) that, for all but finitely many q, E,(Z, q) is of 
infinite index in SL,(Z). Let q0 # (0) b e such an ideal and let S,, = &(Z, q,). 
Then S, is a finitely generated subgroup of E,(Z, q,,) which is free of infinite rank 
by [20, Theorem VIII.6, p. 1431 and [15, Lemma 2.2(ii)]. (Note that E2(2T) = 
SL*(G) 
Suppose that Sf is non-central. Then it contains an element X # Z,. A given 
generating set of S, involves at most finitely many elements G,, . . . , G,, say, of a 
given free generating set, F, of E,(Z, qO). Now let G, be another element of F. 
Since E2(i2T) = SL,(Z) it follows that G,XGi’ E S,, which gives the desired 
contradiction. We conclude that Sf is central. 
3. Dedekind rings of arithmetic type 
Throughout this section A denotes a Dedekind ring of arithmetic type (see [4, 
p. 831). We recall that A* denotes the units of A. 
Definition. A is said to be totally imaginary if and only if it is the ring of integers 
of an algebraic number field which is not embeddable in IR. 
Our first result in this section is an immediate consequence of the fundamental 
results of Bass, Milnor and Serre [4], Vaserstein [25] and Liehl [7]. 
Theorem 3.1. Let S be a subgroup of SL,(A) f or which SE is not central. Suppose 
that n 2 3 or A* is infinite. 
(i) Zf A is not totally imaginary, 
C(S) = s . 
(ii) Zf A is totally imaginary, 
1 C(S) : SI divides m , 
where m is the number of roots of unity in A. 
Proof. By [4, Theorem 7.5(e)] and [22, Proposition 2, p. 4921 it follows that 
q = l(S) = l(SE) # (0) and, by Theorem 2.4, C(S) = S. SL,(A, q). Hence 
]C(S) : S] = ]SL,(A, q) : SL,(A, q) fl SI divides ]SL,(A, q) : E,(A, q)l. The result 
follows from [4, Corollaries 4.2 and 4.31 and [7, (21), p. 1651. 0 
Theorem 3.1 applies, for example, to subgroups of finite index in SL,(A) or to 
non-central, normal subgroups of SL,(A). 
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Example 3.2. By Theorem 2.4, C(E,(A, q)) = SL,(A, q), for all q # (0). Now 
suppose that A is totally imaginary and let d be any divisor of m. Then by [7, 
(21), p. 1651 and the formula in [4, Corollary 4.3(c)], when A* is infinite or n 2 3, 
there exists an A-ideal q,, such that 
IW,(A, qo>> : &,(A, q,)i = d. 
We now show that the situation when A* is finite is completely different. By a 
theorem of Dirichlet, A* is finite if and only if A is one of three types. More 
precisely, 
(i) A = Z, 
(ii) A = 6 (= Odd), the ring of integers of the imaginary quadratic number field 
Q(m), where d is a square-free positive integer. 
(iii) A = % = %‘(K, P, k), the coordinate ring of the affine curve obtained by 
removing a closed point P from a projective curve K over a finite field, k. 
We prove that for each of these cases SL,(A) contains a subgroup S with the 
property that any given finitely generated group is isomorphic to C(S), modulo S. 
The proof is based on previous results (some joint) of the author [9, 11, 14, 171 
and treats the three cases separately. We require a number of lemmas. 
Lemma 3.3. Suppose that A* is jinite and that, for some (non-zero) A-ideal q, 
SL,(A, u)INE,(A, 9) h as a free quotient of rank r, where r 2 1. 
Let G be any group with at most r generators. Then there exists S I SL,(A) such 
that 
(i) C(S) is defined, 
(ii) S U C(S), 
(iii) C(S) /S s G. 
Proof. We note that, for any subgroup T of SL,(A) such that NE,(A, q) 5 T I 
%(A, q), l(T) = q and so C(T) = SL,(A, q), by Theorem 2.4. The result 
follows. 0 
We note that Lemma 3.3 cannot apply when A* is infinite since then SL,(A, q)/ 
NE,(A, q) is always a finite group. 
Definition. For each positive integer m let 0, be the order of index m in 6’. 
Lemma 3.4. Suppose that for some d, m, SL,(Q,) INE,(Q,,,) has a free quotient of 
rank r, where r 2 1. Let G be any group with at most r generators. Then there exists 
S 5 SL,(6) such that 
(i) C(S) is defined, 
(ii) S U C(S), 
(iii) C(S) /S z G. 
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Proof. By [17, Lemma 4.21 if T is a subgroup 
T 5 SL,(0,), then C(T) = SL,(6’m). The result 
of SL,(A) such that N&(0,)< 
follows. 0 
Although the next lemma appears to be well-known, a precise reference is 
difficult to obtain. It seems appropriate therefore to provide a proof. We note that 
G(G 9) 4 SL,(% since SL,(Z) = &(Z). 
Lemma 3.5. Let q be a non-zero Z-ideal and let N E (z be the positive generator of 
q. Then there exists a non-negative integer g = g(N) such that 
where Qg G (a,, b,, . . . , ag, b,: nig=, [ai, bJ = 1). 
In addition, g( 1) = g(2) = 0. Otherwise 
g(N)=l+ (N;&)N3 n (l-A), 
PIN P 
where p is prime. 
Proof. Let r(q) (resp. A(q)) be the embedding of SL,(E, q) (resp. E,(Z, q)) in 
PSL,(Z). Then 
SL,(C q)lE,(C q) = Qq)/A(q) . 
Now r(q) is a free group by [20, Theorem VIII.6, p. 1431 and so T(q) has a 
canonical presentation of the form 
r(q) = (Pi,. . . , f’,, A,, B,, . . . , A,, B,: P, . . . f’, i@ [Ai, Bil = 1)) 
where g = g(q) is as above (see [20, Sections 22 and 23, pp. 156, 1571). Let N be 
the normal subgroup of r(q) generated by P,, . . . , P,. Then 
Let U = [A : 1. Then A(q) is generated by elements of the form +XUNX-‘, 
where XE PSL,(Z). Now P,, . . . , P, are parabolic elements which means each is 
a conjugate of +U”. It follows that 
NsA(q). 
On the other hand, every generator of A(q) of the above type is conjugate in T(q) 
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to one of the Pi (see [20, Section 19, p. El]). We deduce that 
A(q)lN. El 
We now come to the principal result of this section. 
Theorem 3.6. Suppose that A* is finite. Then, for every finitely generated group G, 
there exists a subgroup S of SL,(A) such that 
(i) C(S) is defined, 
(ii) S 4 C(S), 
(iii) C(S) /S G G. 
Proof. Case (i): A = Z. With the notation of Lemma 3.5, let M be the normal 
subgroup of Qg generated by b, , . . . , b,. Then 
where Fg is the free group of rank g. It is clear from the formula in Lemma 3.5 
that g is unbounded. The result follows from Lemma 3.3. 
Case (ii): A = 0. Let D be the discriminant of Q(m). Then it is well-known 
that D = -4d, unless d = 3 (mod 4) in which case D = -d. Now choose any odd 
prime p such that D is a quadratic non-residue (mod p). (This is always possible; 
see, for example, [16, Lemma 31.) 
Given any positive integer r, choose an odd prime q, prime to D, such that 
Then 1, p, . . . , p’-’ belong to the Zimmert set, Z(d, q) and the ideal class group 
of 6’, , Z(Oq) has even order (see [17, Section 21 and [17, Theorem 1.121). Then, by 
[17, Lemma 3.41, SL,(Qq)IZVE,(Qq) h as a free quotient of rank at least r. The 
result follows from Lemma 3.4. 
Case (iii): A = ‘% = %(K, P, k). Let p be a non-zero prime Ce ideal. We put 
T(P) = SL,(%, p) and A(p) = NE,(%, p). Now there exists a finite subring %$ of 
%, containing k, and a subgroup A of SL,(%‘), containing SL,(k), such that 
where 
and 
270 A. W. Mason 
(see [9, Theorem 2.11 and [ll, Theorem 1.21). By [9, Theorem 2.51 therefore 
T(p) /A(p) has a free quotient of rank 
p = 1+ ISL,(ce) :T(p)* L( - ISL,(%) : T(p) * r,l 
- ISL,(%) : T(p). Al . 
Let q = card k. Then (e/p is a finite field k,, say, (containing k) and card k, = q’, 
for some s 2 1. In addition (Theorem 1.1(i)) we have 
Hence 
SL,(%) /T(p) = SL,(k,) . 
p = 1+ ISL,(k,) : L] - ISL,(k,) : I=,1 - (SL,(k,) : AI , 
where X denotes the image of X in SL,( %) /T(p). Now the image of $, in k, is a 
finite field (containing k), k, , say of order q”, where 15 u I t, where dim, %,, = t. 
From the above j contains 
Now 
(SL,(k), L > = SL,(k,) . 
and 
From the above, 
and so 
p ~ 1 + 
4W - 1) 1 
4Y4 - 1) 
l-A-- 
4 q+l 1 .
The result will follow from Lemma 3.3 provided we can show that s is unbounded 
which is equivalent to showing that %’ has infinitely many prime ideals. 
The quotient field F of % is a function field in one variable over k and the 
closed point P corresponds to a place (or spot) on F (see [2, Theorem 4, p. 2991). 
Congruence hulls in SL, 271 
Further the places (i.e. equivalence classes of (non-archimedean) valuations) on 
F, other than that determined by P, are in one-one correspondence with the 
non-zero, prime ideals of %’ (see [19, 22:6, p. 491). Now F is a finite, separable 
extension of k(t) and so each place on k(t) extends to at most n places on F, 
where n = [F : k(t)]. Since k(t) has infinitely many places, so has F. Thus % has 
infinitely many non-zero, prime ideals. 0 
4. Concluding remarks 
Theorem 3.6 can be extended to Dedekind rings other than those of arithmetic 
type. For example, the Dedekind ring % = %(K, P, k) can be defined over any 
field k (see [23, p. 961). The simplest example is the polynomial ring, % = k[t]. By 
[ll, Theorem 2.21 and the proof of [14, Lemma 2.11 the following holds. 
Theorem 4.1. Let c = card k be infinite. Then, for any group G with at most c 
generators, there exists a subgroup S of SL,(Ce) with the following properties: 
(i) C(S) is dejined, 
(ii) S a C(S), 
(iii) C(S)IS z G. 0 
For any subgroup S of SL,(A) we have ISL,(A) : C(S)] < 30 and so when A = Z 
or 6, C(S) is always finitely generated. This is not true when A = %’ (and k is 
finite) (see [23, Corollary, p. 1191). Theorem 3.6 therefore cannot be extended to 
groups G which are note finitely generated when A = Z or 0. There remains the 
following question. 
Problem. When A = % (and k is finite) and G is any countably generated group 
does there exist a subgroup S of SL,(%) with a congruence hull such that 
C(S)IS = G ? 
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